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SUMMARY

An analytical Investigation of the meximum theoretical tangential
velocity component possible by expansion about straight-back stator blade
trailing edges has been made by the method of characteristics for con-
verging and converging-diverging stators.

The results of the investigation showed that converging stators are
limited to exit tangential components of critical velocity ratios less
than 1.714, while values up to the theoretical 1limit of 2.449 correspond-
ing to an infinity Mach number might be realized for converging-diverging
stators.

The greatest theoretical galns in tangential velocity due to expansion
about stator blade trailing edges occur at small blade exit angles as
measured from tangential and relatively low velocities at the exit of the
guided-channel portion of the flow passage.

Unless design requirements are rigorous or unless extremely small
blade exit angles as measured from the tangential are to be used, an
approximate method of assuming uniform flow at the stator exit appesrs
adequate in determining the maxlimum tangentiel velocity component possible
from stators.

INTRODUCTION

In many present day turbine applications there exists the desirability
of minimum turbine welght and low mass flow of working fluid through the
turbine. These design requirements result in few turbine stages and high
specific work per stage. The specific work output per turbine stage is
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determined by the change in tangential velocity, or change in "whirl,"
scross the rotors. Because the whirl entering the rotors 1s established
by the stators, it is apparent that the level of work output is greatly
influenced by the level of whirl leaving the stators. It therefore ap-
pears desirable to establish the weximum limits of exit whirl possible
from a row of stator blades. These limits were established in reference
1 for straight-back converging stators as a function of stator blade exlt
angles from 90° to about 15°, where the blade exlt angle was measured
from the tangential.

This investigation determines analytically the maximum limits of the
tangential component of criticel velocity ratio at the exit of both con-
verging and converging-dlverging stators. The results may then be used
as an aid in preliminary turbine design work to determine the maximum
stator exit whirl possible for selected flow parameters. If the design
exit whirl selected is less than waximum, the theoretical margin in whirl
possible by expansion aboubt the trailing edges may also be determined from
this analysis for turbine off-design considerations.

The analysis. is concerned only with that portion of the stator passage
from the exit of the guided channel to the stator exit. It is in this
reglon thet supersonic expansion about the blade tralling edge occurs and
resulis 1n an lncrease in exit whirl over that at the exit of the guilded
channel prior to expansion. The method of characteristics was used to
determlne the statlc-pressure variation on the suction surfece due to ex-
pansion about the blade traliling edge. This was done in a menner similar
to that used in reference 1 where convergling stetors were studied. The
major asgsumptions include: itwo-dimensional isentropic flow, no boundary-
layer growth, uniform flow across the passage at the exlt of the gulded
channel, and straight suctlon-surface blading from the exit of the guided
channel downstreem to the blade trailing edge.

The limits of whirl were established as & function of two variables:
the critical velocity ratio at the exit of the guided channel and the
blade exit angle. The complete supersonic range of critical velocilty ratio
was covered, and, for each value of critical velocity ratio selected, a
range of blade exit angles was selected to include all expanslion possi-
bilities from zero to maximum.

SYMBOLS
A aresa, sq ft

B point at blede trailing edge about which the flow expands

D ratio of suction-surface length downstream of statlion 2 to the passage
width at station 2, also D = cot o

. B1L¥
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F force, 1b

g acceleration due to gravity, 32.17 ft/sec2

1 length

M Mach number

P statiec pressure, 1b/sq £

V  absolute velocity, ft/sec

w  weight-flow rate, 1b/sec

o4 stator blade exit angle, measured from tangential direction, deg

Y ratio of specific heats

p  demsity, 1b/cu £t

K Magh angle corresponding to critical veloecity ratio at statlion 2,
eg

Subscripts:

ep approximate

‘cr conditions at Mach nuwmber of 1.0

s suction surface of blade downstream of station 2

u tangentlial component

b4 axlal component

i station at stator throat

2 station at exit of guided channel

3 station at stator exit

Superscript:

1

stagnation state
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METHOD OF ANALYSIS

The method of analysis in determining the meximum tangential com-
ponent of critical velocity ratio for both converging and converging-
diverging stators was similar to that used in reference 1 for converging
stators. '

Fundamental Assumptions

Figure 1 shows expansion about the trailing edge of a typlcal con-
figuration investigated along with the station numbers used. The following
assumptions were made for this analysis:

(a) two-dimensional isentropic flow

(b) v = 1.40

(c) no boundsry-layer growth .

(4) uniform flow across the passage at station 2

(e) constant veloclty and flow angle from station 2 to Mach line

(f) straight suction surface downstream of station 2

Description of Expansion

Figure 2 shows an example flow passage selected to describe the
process of expansion around point B, the blade trailing edge. Between
station 2 and the Mach line there is no expansion, and the velocity and
flow angle remain constant and equal to their corresponding values at
station 2. As indicated, the static pressure on the suction surface also
remainsg constant in this region. Between the Mach line and the exit the
flow expands arocund point B toward the axial. When the expansion waves
that fan out frowm point B reach the suction surface, they are reflected
as expansion waves which bend the flow in that area back along the suction
surface.

Because the flow bends toward the axial during expansion, it might
be inferred that the tangential velocity shoéuld decrease rather than in-
crease. However, the increase in flow anglé as measured from the tan-
gential is more than offset by the velocity increase so that the tangen-
tial component of velocity actually inecreases. This can also be realized
from the fact that as the pressure decreases along the suction surface
there must also exist a net increase in tangential womentum of the flow
and hence an increase in tangential velocilty.

gLy
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Sketches of typical stators investigated are shown in figure 3 for
an arbitrarily selected blade exit angle of gbout 17°. This figure shows
that as the velocity at station 2 prior to expansion is increased, the
Mach angle decreases, and, hence, for a given blade angle there is less
area for expansion between the Mach line and the exit. All blade con-
figurations used in this analysis asre the sharp-cornered minimum-length
type as descrlbed in reference 2. However, because the analysis is con-
cerned with only that portion of the passage from station 2 to the exit,
any other type of stator design for the region upstream of station 2 would
produce the same theoretical resulis. Blade trailing-edge thickness was
not considered in the analysis because it has no effect on the tangential
component of veloeclty.

Development of Equations

The maximum exit whirl at station 3 was determined by the equations
of momentum conservation as applied to the area bounded by station 2,
station 3, and the straight suction surface. The maximum whirl at station
3 for a given veloclty at station 2 and a given blade exit angle o will
occur when the pressure ratio across the stators is sufficient to cause
the Prandtl-Meyer expansion around point B to extend along the suction
surface to the blade traillng edge. At this condition the increase in
tangential force F, on the fluid caused by the decrease in static pres-

sure along the suction surface 1s expressed by the momentum equation
Fy =2 (v - V5 cos a) (1)
u =g \u,3 2

Applying the continuity relation and reducing to dimensionless terms give

AZ;é ) [YZI 1 (pegcr)Z:'[(:::r)S ) (‘fv?) 2 °°° m] @

The geometric length ratio D 1s shown in figure 4 and is defined
as the ratio of the length of the stralght suction surface downstream of
station 2 to the passage width at station 2 (also D = cot «). By nor-
walizing with respect to the passage width at station 2, D becomes equal
to the suction-surface length. For simplicity, the remainder of the
analysis considers the passage width equal to unity and refers to D as
the suction-surface length. This suction-surface length D 1is used in
evaluating the increase in tangential force exerted on the fluid by the
decrease in static pressure along the suction surface. This increase in
force may be evaluated by integrating the pressure variation along the
suction surface:
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Fy, = DoAy cos a - Ay sin a./rD p dD (3)
0

where p is the static pressure anywhere along the suction surface.
Agein, reducing to dimensionless terms gives

D
F
Au,=<£,-) coson-sinoc/ 2 ap (4)
P2 \P/g . Y0 ¥

Substituting equation (4) into equation (2) results in a final expression
for the desired exit whirl at station 3:

(%)3 ) @;)z cos o - _zr;(_?v__) (5)
2

Procedure

Tnspection of equation (5) indicates that the exit whirl at station
3 is a function only of the blade exit angle o, the critical veloclty
ratio at the exit of the gulded channel (V/V,,)p, and the variation in

D

static pressure along the suction surface U/P %} dD. The following
0

procedure was therefore used:

(1) The entire supersonic range of (V/V,.)p, Wwas selected in steps

of 0.2 frim 1.0 to the meximum theoretical vealue of 2.449 (corresponding
o M=o

(2) For a given value of (V/V,.)p & range of blade exit angles «
cr’2

was selected from zero to a value equal to the Mach angle p correspond-
ing to the given value of (V/V,.)p. These limits imposed on exit angle

are discussed later.

(3) For each value of (V/V,n)s and o selected, the variation in

static pressure along the suction surface between the Mach line and the
trailing edge was determined by the method of characteristics and inte-
D

grated to evaluate./r E} dD. This pressure variation is shown in
P

0
figure 5.

AT/%
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(4) Finally, the exit whirl (Vy/Ver)z was calculated by equation (5).

Limits of Blade Exit Angle

For a given velocity at station 2, the amount of expansion possible
increases as the blade exit angle decreases. It is reasonable then that
the maximum amount of expansion possible occurs at a blade exit angle of
0°. This can be seen from inspection of equation (5). At an exit angle
of 0° both terms on the right side of equation (5) are meximum, and the
equation reduces to

)
P 1

(Yfl:r)s B (VZr)z T Zr (29V ) | (€)
2

Y+ 1 \p'Var

Thus, the lower limit of blade exit angle o for all velocities at
station 2 is established as 0°.

The meximum blade angle for a given velocity at station 2 was selected
such that the axisl Mach number at station 3 was limlted to unity. This
limit occurs when the blade exlt angle is set equal to the Mach angle
corresponding to the critical wveloclty ratio at station 2. At this condi-
tion the Mach line spans the exit, the exit axial Mach number is unity,
no expansion occurs about the trailing edge, and the exit whirl is the
same as that at station 2. TIn equation form,

(- @), - @), == "

FPor blade angles greater than this, the exit axial Mach number is greater
than unity. Thus, the upper limit of blade angle for each velocity at
station 2 is established as belng equal to the Mach angle corresponding
to the critical velocity ratio at station 2.

RESULTS OF ANALYSIS

The maximum theoretical exit whirl possible from both converging
and converging-diverglng straight-back stators due to expansion about
stator blade trailing edges is shown in figure 6. The figure presents
maximum stator exit whirl (Vu/vcr)s as a function of blade exit angle

for selected supersonic walues of critical velocity ratio at the exit of
the guided channel. A curve was drawn through the polnts corresponding
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to the limiting axiel Mach number of unity for each selected value of
(V/Ner)z and results in an envelope of My = 1.0.

The meximum expansion for all values of (V/Vcr)z occurs at a blade

exit angle of 0°. Thus, the area, which is bounded by zero exit angle,
the envelope of axial Mach number of unity, and the lowest curve repre-
senting a converging stator, includes the maximum whirl for all types of
stators within the assumptions of this analysis for all exit blade angle
settings and all levels of velocity at station 2.

A theoreticel curve of the maximum whirl possible from converging
stators is presented in reference 1 for blade exit angles from 90° to
about 15° and is verified experimentally with three different blade con-
Plgurations in the same reference. This theoretical curve is the same
as the lowest curve in figure 6 between the same range of blade exit
angles. An lmportant feature of this curve is the limitation imposed on
converging stators. The maximum btangential component of critical velocity
ratio under ideal conditions is 1.714 at an exit blade angle of 0°. For
applications requlring higher levels of whirl from the stator blade row,
converging-diverging stators would have to be employed, in which case
whirl components of critical veloclty ratio up to the theoretical limit
of 2.449 might be realized.

Whereas figure 6 presents the limits of expansion, figure 7 shows
how much expansion could occur between statlons 2 and 3. TFigure 6 1s
repeated as the group of solid curves. For each solid curve there is a
corresponding dashed curve also originating at the envelope of My = 1.0.

Both of these curves represent & constant indicated velocity at station

2 prior to expansion. The dashed curve represents the whirl veloclty at
station 2 prior to expansion as the blade angle is varied and 1s therefore
slmply e cosine curve. The solld curve represents the maximum exit whirl
possible due to expension as the blade angle is varied. Therefore, for

a given (V/V,.)s, the meximum increase in whirl possible by expansion for

a selected blade angle is simply the vertical difference between the two
curves. For example, if (V/V,,)p 1s selected as being equal to 1.40,

the meximum increase in the whirl component of critical velocity ratio
that could be expected for a blade exit angle of 200 would be 1.423 minus
1.313, or 0.110. Similarly, for the same velocity at station 2 but a
blade exit angle of 10°, the maximum increase possible becomes 0.234, or
more than twice as much. This again illustrates the fact that, for a
given velocity at statlion 2, more expansion is possible as the blade exit
angle o decreases becasuse there 1s more ares in which to expand between

the Mach line and the exlt.

Por preliminsry turbine design work, two uses are suggested for fig-
ure 7. First, it esteblishes the waximum limits of whirl poseible for

OQTIx
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given conditions of (V/V,.)s and «. Second, the figure establishes the

theoretical margin in whirl velocity for off-design considerations when
the design-point whirl is selected as less than maximum.

The difference between the s0lid and dashed curves of figure 7 was
calculated as percentage increase in whirl and is presented as figure 8.
This figure shows the maximum percentage increase in whirl possible by
expansion as a function of blade exit angle for each selected critical
velocity ratio at station 2. Figure 8 1ndicates that when the required
exit whirl is relatively low a high percentage of the whirl may be
realized by expansion about the trailing edge. However, when the required
exit whirl is high, only a swall percentage of the whirl can be realized
by expansion about the trailling edge, while the greatest percentage must
come from expansion in the guided passage from the throat to station 2.
Por example, at & blade exit angle of 15°, the increase in whirl due to
expansion about the trailing edge is 45 percent for a converging stator
and only 23 percent for a converging-diverging stator with a critical
velocity ratio of 1.2 at station 2. The percentage increase drops rapidly
as the critical velocity ratio at station 2 is lncreased further.

The maximum whirl at station 3 as determined by the method of char-
acteristics and used as the basis of this analysis 1is an average value
of whirl resulting from momentum conservation. There is a velocity
variation across the exlt annulus at station 3, with the veloclty greater
at the suction-surface tralling edge than at the pressure-surface trailing
edge. The maximum exit whirl as determined by the method of characteris-
tics results from momentum counservation and includes this flow variation.

Approximate Method of Determining Maximum Stator Exit Whirl

An spproximate method commonly used in determining maximum exit whirl
at stator limiting-loading does not consider this flow variation at
station 3. This method assumes uniform flow at station 3, the specific
weight-flow parameter pVx/p‘Vcr equal at stations 2 and 3, and the flow
expanded to an axial Msch number of 1.0 at station 3. If the critical
velocity ratio at station 2 and the exit blade angle are known, the maxi-
mum exilt whirl msy be calculated or read directly from flow charts such
as that developed in reference 3. However, this method does not satisfy
momentum conservation, and considerable error mey exist in resulting limits
of exit whirl. In view of this, the validity of assuming uniform flow at
the stator exit was determined by calculating the 1limits of whirl by the
approximate method and comparing the results with those previously obtained
by the method of cheracteristics. The same range of selected values of
(V/Vop)s and o was used as Was used by the wethod characteristics.
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Comparison of Approximate Method wlth Method of Characteristilcs _—

The results of the two methods of determining meximum stator exit .
whirl are compared in figure 9. Figure 6 was agaln repeated as the set -
of s0lid curves of figure 9. PFor each so0lid curve representing a selected
(V/Vcr)z there is a corresponding dashed curve also originating at the

envelope of My = 1L.0. The dashed curves are the maximum limits of whirl

as determined by the spproxlmate method discussed previcusly. It can be
seen from figure 9 that for very small blade angles a counsiderable dif-
ference exlsts between the two methods; the approximate method produces
higher tangential velocities than could possibly be expected. However,
a8 the blade angle increases, this difference decreases rapidly.

8TL% .

This is shown more clearly in figure 10, which is the result of
figure 9 plotted as percentage difference. Figure 10 shows the percentage
error in stator exit whirl at limiting-loading introduced by the approxi-
mate method of assuming uniform flow at the stator exit. If a practical
minimum blade exit angle of 100 is chosen, the maximum error resulting
from the approximate method would be 8.5 percent for a converging stator
and would decrease as the veloclity at station 2 increased. At a blade
exit angle of 20° the maximum error drops to only 3.5 percent. It appears
then that, unless the design procedure regquirements are very rigorous or "
unless extremely small exlt angles are to be employed, the approximate
method of determining maximum stator exit whirl by assuming uniform flow
at the stator exit is adequate. - ’

SUMMARY OF RESULTS

An analytical investigation of the maximum theoretical whirl possible
by expansion about stator blaede trailing edges has been made by the method
of characteristics for converging and converging-diverging stators. The
results may be summerized as follows:

1. The wmaximum possible tangential component of critical velocilty
ratlo from a row of converging stators is limited to 1.714 et the stator
exlt. TFor applications requiring higher stator exit whirl, converging-
diverging stators would have to be employed, in which case whirl components
of critical velocity ratio up to the theoretical limit of 2.449 might be
realized.

2. The greatest theoretical gains in whirl due to expansion about
stator blade trailing edges occur at small blade exit angles and rela-
tively low velocitles at the exit of the gulded channel. At an exit angle
of 159, the percentage increase for a converging stator is twice as great
as that of a converging-diverging stator with a critical velocity ratio
of 1.2 at the exlit of the guided channel.
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3. Unless design requirements are rigorous or unless extremely small
blade exit angles are to be used, an approximate method of assuming uni-
form flow at the stator exit appears adequate in determining maximum
stator exit whirl for all types of configurations used in this enalysis.

Lewis Flight Propulsion Laboratory
National Advisory Commlttee for Aeronsutics
Cleveland, Ohio, March 6, 1958
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Figure 1. - Typlcal expansion about stator trailing edge.
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Figure 4. - Geometric length ratio, D = 1g/lg = cot .
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